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A NEW LEVINSON'S THEOREM FOR POTENTIALS WITH 

CRITICAL DECAY 

XIAOYAO JIA, FRANgOIS NICOLEAU, AND XUE PING WANG 

Abstract. We study the low-energy asymptotics of the spectral shift function for 
Schrodinger operators with potentials decaying like O(-Arz). We prove a generalized 
Levinson's for this class of potentials in presence of zero eigenvalue and zero resonance. 
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Jq . 1. Introduction 

^^ \ Threshold spectral analysis of Schrodinger operators plays an important role in 

many problems arising from non-relativistic quantum mechanics, such as low-energy 

£-- scattering, propagation of cold neutrons in a crystal or the Efimov effect in many- 

particle systems (cf. [5j [231 EI])- Presence of zero resonance of Schrodinger operators 
is responsible for several striking physical phenomena. The Levinson's theorem which 
relates the phase shift to the number of eigenvalues and the zero resonance is one 
of the oldest topics in this domain (cf. [181 EQl [23]). Threshold spectral analysis is 
usually carried out for potentials decaying faster than t4^ (cf . [121 EH [30] ) . Potentials 
with the critical decay r^ appear in many interesting situations such as spectral 
analysis on manifolds with conical end or ion-atom scattering for iV-body Schrodinger 
operators. The threshold spectral properties for potentials with critical decay are quite 
different from those of more quickly decaying potentials and the contribution of zero 
resonance and zero eigenvalues to the asymptotics of the resolvent at low-energy and 
to the long-time expansion of wave functions are studied in [HI E3 GS] • In this work, 
we shall study the low-energy asymptotics of some spectral shift function and prove 
a generalized Levinson's theorem for potentials with critical decay in presence of zero 
eigenvalue and zero resonance. 
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2 XIAOYAO JIA, FRANQOIS NICOLEAU, AND XUE PING WANG 

Recall that for a pair of selfadjoint operators (P,Pq) on some Hilbert space 7i, if 
(P + i)~ k - (P + i)~ k is of trace class for some k G N*, (1.1) 

the spectral shift function £(A) is defined as distribution on R by 

Tr (/(#) - f(H )) = - f /'(A)£(A) dA, V/ G 5(E). (1.2) 

ii 

In fact, this relation only defines £(•) up to an additive constant. It can be fixed by, for 

example, requiring £(A) = for A sufficiently negative if P and Pq are both bounded 

from below. 

In this paper, we are interested in the threshold spectral analysis of the Schrodinger 

operator P = —A + v(x) on L 2 (]R n ) with n > 2 and v(x) a real function satisfying 

v ( x ) = ^ + O ({x)- p0 ), \x\»l, (1.3) 

for some q G C(S n ~ 1 ) and po > 2. Here x = r9 with r = |x| and = A. §™ is the 
unit sphere . Let — Agn-i denote the Laplace-Beltrami operator on S re_1 . We assume 
throughout this paper that the smallest eigenvalue Ai of — A§»-i + q(6) verifies 

A!>-i(n-2) 2 . (1.4) 

This assumption ensures that the form associated to Pq = —A + -^ on Co°(M n \ {0}) 
is positive. We still denote by Pq its Friedrich's realization as selfadjoint operator on 
L 2 (]R n ). Notice that the condition (|1.1|) is not satisfied for the pair (P, —A) by lack of 
decay on v, nor for the pair (P, Pq) because of the critical singularity at 0. This leads 
us to introduce a model operator Pq in the following way. Let < Xj < 1 (j = L, 2) be 
smooth functions on W 1 such that supp xi C P(0, Ri),xi( x ) = 1 when \x\ < Rq and 

Xi{xf +X2(x) 2 = 1. 
Set 

P) = Xi(-A)Xi + X2P0X2, 

on L 2 (R n ). When q(6) = 0, we can take Pq = —A and the main results of this work 
still hold. Under the assumption (|1.4|) . one has Pq > 0. The operator P will mainly 
be considered as a perturbation of pj. Under the condition that v(x) is bounded and 
satisfies Q1.3)l for some /?o > n, (ll.ip is satisfied for A; > ^ and the spectral shift function 
£(A) for the pair (P,Pq) is well defined by (jl.ip . 

High energy asymptotics of the spectral shift function of Schrodinger operators has 
been studied by many authors (see for example [1] , [23] , [25] , [26] , [35] ) . In particular, D. 
Robert proved in [25] that for the pair (P, Pq) introduced as above, if the potential v is 
smooth and satisfies 

\9"{v(x) - ^)| < C a (x)- p °-W, for \x\ large. (1.5) 

for some pq > n, then one has 
(i). £(A) isC°° in (0,oo); 
(ii). jttC(A) has a complete asymptotic expansion for A — > 00, 






j>0 
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We are mainly interested in the low-energy asymptotics of the spectral shift function £(•) 
for (P, Pq). Although £(•) depends on the choice of cut-offs xi an d X2, we shall see that 
physically interesting quantities in low-energy limit are independent of such choices. 

The low-energy resolvent asymptotics for P is studied in |32} [33] for v of the form 
v(x) = -^ + w(x) with w(x) bounded and satisfying w(x) = O((x)~ p0 ) for some 
po > 2. In this work, in order to define the spectral shift function, we assume v(x) to 
be bounded and in the last section on Levinson's theorem we even need to assume it 
smooth. Therefore, we need to slightly modify the proofs of [33] to suit with the present 
situation. 

The eigenvalues of the operator — A§ n -i + q(0) play an important role in the thresh- 
old spectral analysis of P (cf. [6] [32], [33] ) . Let 



In -2 

dm = < v\ v - 



,2 



A + ^A A € a(-As»-i + q{0))}. (1.6) 

Denote 

a k = a oo n]0,k], k€N*. (1.7) 

G\ is closely related to the properties of zero resonance. We say that is a resonance 
of P if the equation Pu = admits a solution u such that (x)~ 1 u G L 2 , but u £" L 2 . 
u is then called a resonant state of P. For v E a^, let n v denote the multiplicity of 
\ v = v 2 — ^ n ~ ' as the eigenvalue of — Ag n -i + q(0). For the class of potentials with 
critical decay, if zero is a resonance of P, its multiplicity is at most X^eo- n v Let u be 
a resonant state of P. Then one has the following asymptotics for r = \x\ large 

n{x) = ^-(l + o(l)) (1.8) 

for some v £ u\ and ?/> 7^ an eigenfunction of — Agn-i + q{9) with eigenvalue \ u . We 
call it a z/-resonant state (or a t/-bound state). This terminology is consistent with the 
historical half-bound state for rapidly decreasing potentials in three dimensional case, 
since the set <j\ is then reduced to {^j- The multiplicity m v of i/-resonant states is 
defined as the dimension of the subspace spanned by all ip such that the expansion 
(jl.8p holds for some resonant state u. The main result of this paper is the following 
generalized Levinson's theorem in presence of zero eigenvalue and zero resonance. 

Theorem 1.1. Let n > 2. Assume that v is smooth and satisfies U.5\) for some po > 
max{6, n + 2}. Let £(•) denote the spectral shift function for the pair (P, Pq). Then there 
exist some constants Cj and f3 n / 2 such that 



f 

Jo 



(£'(A) -J^-Alil-'- 1 )^ = -(.A/I +M + J2 vm„)+f3 n/2 . (1.9) 

Here (5 n /2 = z/ n is odd and am = if n is even. (3j for j = 1,2 is computed at the 
end of paper. M- is the number of negative eigenvalues of P , A/"o the multiplicity of the 
zero eigenvalue and m u that of v-resonance of P. It is understood that if is not an 
eigenvalue (resp., if there is no v -resonant states), then J\[q = (resp. m v = 0). 

For the class of potentials under consideration, zero resonance of P may appear 
in any space dimension with arbitrary multiplicity depending on q. See [U E2] in the 
case of manifolds with conical end and [H] in the case of M n . In [J3], the existence of 
zero resonance is studied. Levinson's theorem in presence of zero eigenvalue and zero 
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resonance is mostly proved for spherically symmetric potentials by using Sturm-Liouville 
method or techniques of Jost function. See [201 E3] for overviews on the topic, where 
the reader can also find some discussions on radial potentials with critical decay. The 
proof of Levinson's theorem for non-radial potentials is much more evolved. See [22] 
and a series of works of D. Bolle et al. [H HI [5] for potentials satisfying (x) s v G L 1 (]R n ) 
for some suitably large s depending on n and for n = 1,2,3. For example, one needs 
s > 4 if n = 3, s > 8 if n = 2 according to [5]. A formula as (JL9]) in its general setting 
seems to be new. 

To prove Theorem 11.14 we use the result of |25j on the high energy asymptotics 
of £'(A). The main task of our work is to analyze the spectral shift function in a 
neighbourhood of 0. Our approach is to calculate the trace of the operator-valued 
function z — > (R(z) — Ro(z))f(P) and its generalized residue at 0, where Rq(z) = 
(P - z)- 1 , R{z) = (P - z)' 1 and / G Cg°(K) is equal to 1 near 0. As the first step, 
we prove the asymptotics expansions of the resolvents R{z) and Rq{z) for z near by 
adapting the methods of |33] to our situation. The main difficulties arise from the fact 
that the set doo may be arbitrary (depending on q(0)). The interplays between the 
zero energy resonant states and between the zero resonant states and the zero energy 
eigenfunctions can be produced in such a way that their contributions may be dominant 
over that of a single z/-resonant state with itself. This is overcome by carefully examining 
the terms obtained from asymptotic expansion of the resolvent and by making use of 
the properties of ^-resonant states. Remark that the decay condition can be improved 
if o"i contains only one point and our proofs (both for the resolvent expansions and for 
the Levinson's theorem) can be very much simplified if the potential v(x) is spherically 
symmetric. 

This work is organized as follows. In Section 2, we establish a representa- 
tion formula of the spectral shift function which will be used to prove Levinson's 
theorem. In Section 3, we use the asymptotic expansion of Rq(z) = (Pq — z)^ 1 
to get the asymptotic expansion for the resolvents Rq(z) and R(z). The methods 
are the same as in [33]. We indicate only the modifications to make and omit the 
details of calculation. The hard part of the proof of Theorem 11.11 is to calculate the 
generalized residue at of the trace function z — > Tr(R(z) — Ro(z))f(P), which is 
carried out in Section 4. Here / is some smooth function with compact support 
equal to 1 near 0. This result is used to study the low-energy asymptotics of the 
derivative of the spectral shift function in Section 5 and to prove the Levinson's theorem. 

Notation. The scalar product on L 2 (R + ;r n_1 dr) and L 2 (R n ) is denoted by (•,•) and 
that on L 2 (S n_1 ) by (•, •). H r,s , r,s G R, denotes the weighted Sobolev space of order 
r with the weight (x) s . The duality between H l,s and H~ l ~ s is identified with L 2 - 
product. Denote H°' s = L 2,s . C(r,s;r' ,s') stands for the space of continuous linear 
operators from H r ' s to H r ,s . The complex plane C is slit along positive real axis so 
that z v = e u and Inz = log \z\ + i&rgz with < argz < 2ir are holomorphic for z 
near in the slit complex plane. 
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2. A REPRESENTATION FORMULA 

Let (P, Po) be a pair of self-adjoint operators, semi-bounded from below, in some 
separable Hilbert space H. We assume that for some k G N*, 

\\(P-i)~ k -(P -i)- k \\ tr <oo, (2.1) 

where ||.||j r denotes the trace-class norm in T~L. Under the assumption (|2.ip . it is well- 
known that for any / G 5(M), f(P) — f(Po) is of trace class. 

For z G C in the resolvent set of Po and P, we denote by Rq{z) = (Po — z)~ , (resp. 
R(z) = (P — z) -1 ) the resolvent of Po, (resp. of P). Writing 

(R(z) - Ro(z))f(P) = [R(z)f(P) - R (z)f(Po)} - R (z)(f(P) - /(Po)), (2.2) 

we see immediately that (R(z) — Ro(z)) / (P) is of trace class. 

The spectral shift function (SSF, in short) £(A) G L\ oc (Jl) is defined up to a constant as 
a Schwartz distribution on E by the equation 

Tr (/(P) - /(P )) = - / /'(A)C(A) dA, V/ G 5(M). (2.3) 

The right hand side can be interpreted as (£',/), where £' is the derivative of £ in the 
sense of the distributions, and (•, •) denotes the pairing between 5'(M) and 5(M). 

In this section, we give a representation formula for the SSF under the following as- 
sumptions : 

• The spectra of P and Po are purely absolutely continuous in ]0, +00 [ : 

a(P ) = a ac (P ) = [0,+oo[, (2.4) 

a ac {P) = [0,+oo[. (2.5) 

In particular, we assume there are no embedded eigenvalues of P and Po in 

]0,+oo[. 

• The total number, A/1, of negative eigenvalues of P is finite. 

• For any / G (^(M), there exists some eo > 0, 5q < 1 and C > (depending on 
/), such that 

I Tr [(R(z) - R (z))f(P)] \ < -^, (2.6) 



for z G C with \z\ large and z ^ cr(P) and 



C 



\Tr[R (z)(f(P)-f(P ))] |<ot, (2.7) 

for z G C with \z\ small and z ^ <r(Po)- 

Let / G Co°(lR) with f(t) = 1 for t near 0. The generalized residue of the 
function z — > Tr [(R(z) — Ro(z))f(P)] at z = is finite in the following sense: if 
we denote, for e <C 5, 

j(8, e) = {z G C ; \z\ = 5, dist(z, R + ) > e}, 
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we assume that 

J = lim lim / Tr UR(z) - R (z))f(P)} dz exists, (2.8) 

2tti 5^0 e->0 J^s,e) 

where j(5, e) is positively oriented. 

• The derivative of £ in the sense of distributions satisfies 

£'(A)eLL(]0,oo[). (2.9) 

Remark that conditions ()2.ip . f)2.4p - (|2.T[) imply that if Jo exists for some / as above, 
then it exists for all / G Cq°(M) with f(t) = 1 for t near and Jo is independent of 
/. In fact, if /i and J2 are two such functions, applying (|2.2p to / = j\ — /2, one sees 
that Tr \(R(z) — Ro(z))f(P)] can be decomposed into two terms, one is holomorphic in 
z near and the other is of the order O(-r-j^), Sq < 1. Hence the generalized residue of 
z — > Tr [(R(z) — Ro(z))f(P)] at is equal to zero. We have the following representation 
formula for the spectral shift function £(A). 

Theorem 2.1. Let f G Cg°(R) such that /(A) = 1 for A in neighborhood of a pp (P)U{0}. 
Under the above assumptions, the limit 

f-oo rR 

/ /(A) e'(A) dX = lim lim / /(A) £'(A) dA 
exists and one has 

/•oo 

Tr (f(P) - f(P )) - / e'(A) /(A) dA = AA_ + J . (2.10) 

JO 

Proof. Let us consider the application .F(.z) = Tr [(R(z) — Ro(z))f(P)] which is holo- 
morphic outside cr(P). We want to deduce (I2.10J) from Cauchy's formula applied to 
F(z). 

Let us begin by some notation. Let Ej, 1 < j < k, be the distinct eigenvalues of P 
with multiplicity rrij. Denote for zq € C and 5 > 0, 

C(z ; 5) = { z G C; \z - z \ = 5 } ; D{z ; 5) = { z G C; |z - z \ < S }. (2.11) 

For 5 > small enough, a(P) n D(Ei\5) = {Ei}. For i? » 1 and < e <C 5, let us 
denote 

7(i2,e) = {zG C; |z| = R, dist(z,M+) > e} (2.12) 



d ± (R,5,e) = [^5 2 -e 2 ±ie,VR 2 -e 2 ±ie]. (2.13) 

We denote by Ts j£i r the curve defined by 

r S , e ,R= l\JC(E r ,5)\ U 1 (5,e)Ud+(R,8,e)Ui(R,e)Ud-(R,5,e). 

F<5 e R is positively oriented according to the anti-clockwise orientation of the big circle 
7(i?, e). Since F(z) is holomorphic in the domain limited by Tg e R, the Cauchy integral 
formula gives 

<b F(z) dz = 0. 
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We split the integral into four terms 



1 / 4 

— <f> F(z)dz = > In with 



k 



^ = ^l^ F ^ dz > b-T.^i^FWdz. 



(2.14) 



2i ^ h{R,e) JT[ 2*7T JC{E 3 ;5) 

h = ^-i F{z) dz , h = ^-i F(z) dz. 

Zl7r J"f(8,e) lm Jd+(R,8,e) U d~(R,8,e) 

By condition (|2.6p . one has Ji = O(R~ e0 ) when i? — > oo, uniformly in J and e > 0. 
For j = l,...,k, Ej is an eigenvalue of P with finite multiplicity rrij, and the spectral 
projection associated to Ej is given by 

IL , = — - I R(z) dz, (2.15) 

2lTT Jc( Ej ;5) 

since C(Ej\ 5) is oriented according the clockwise orientation. Using that Rq(z) is holo- 
morphic in D(Ej,5), we obtain : 

k k k 

j=i j=i j=i 



Using assumption (|2.8p . we have by definition 



lim liml 3 = J , (2.17) 

and as a conclusion, we have obtained : 

lim lim lim J 4 = -A/1 - J . (2.18) 

K^+oo 8^0 e^O 

Now, let us establish a new expression for I4; we split -F(z) = F\(z) + -F 2 (z) where 

Fi(z) = TV[i*(z)/(P)-J2o(*)/(il)], (2.19) 

F 2 (z) = Tr[^( Z )(/(P )-/(P))]. (2.20) 

First, let us investigate the contribution coming from F\(z). By the definition of 
the SSF, 

F 1 (z) = -Jt(\) §£(A,z)dA (2.21) 

where f(X,z) = — *— /(A). Thus, Fi(z) = Gi(z) - G 2 (z) with 
A — £ 



1 

(A ~^) s 



G l(^) / £( A ) 7^^2 /( A ) dA > ( 2 - 22 ) 



G 2 (z) = / £(A) — !— /'(A) dA. (2.23) 

JR A — Z 

For simplicity, we set T = d + (R, 5, e) U d~(R, 5, e). We have 

^ / F x {z)dz = ^-j Gi(z) dz-^-j G 2 {z) dz := (a) - (b). (2.24) 
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Let us study (a). Using Fubini's theorem, we can write 

(^i/.^WrlG^)^ P ' 25) 



Set 

k(X,s,e) 

One has 



A - (Vs 2 - e 2 + ie) X-(V^^-ie) 



(a) = -?- / £(A) f(\)(k(\, R, e) - fc(A, 5, e)) dA. (2.26) 

Let us look at the term I e related to k(X, R, e) and let us show that lim I e = £(R)f(R). 

e->0 

Fix < Rq < R and split I e = J e + K e , where 

i rRo T f+OO 

Je = — ^(A) /(A) fe(A, i? ; e) dA, K e = — £(A) /(A)fe(A, fl, e) dA. (2.27) 

2«vr 7.^ 2m y Ro 

By the basic properties of the SSF, one has £/ G L X (M) and 

|J e | < - / ° |£(A) /(A)| 7=^=^ r dA < Ce ||e/||i. (2.28) 

vr y_oo (A - \JR 2 - e 2 ) 2 + e 2 

On the other hand, we have 

K e = - r°° / -^ m(VR^^ + es) -^— ds. (2.29) 

e 

Under the assumption (|2.9p . £ G C°(]0, +oo[), so by making use of the dominated 
convergence theorem, one has 



lim K e = £(R)f(R). (2.30) 

e— >0 



As a conclusion, we have shown 



lim (a) = £(R)f(R) - £(6)f(6) = -£(<*), (2.31) 

£->0 



for 5 > sufficiently small and R S> 1. 

Now, let us study (6). Using Fubini's theorem, 

< 6 > = /.«< A > / '< A >(^/rA 1 ^)' iA ' P ' 32) 

1/1 

It is easy to check that (h dz is uniformly bounded with respect to e and 

liis Jy X — z 

!To2^£a^^ = 1 ^ (A) ^ A - (2 - 33) 



So, making use of the dominated convergence theorem and then the assumption p. 91) . 
a straightforward application of distribution theory gives 

lim (6) = / £(A) /'(A) dA = -£(<5) - / £'(A) /(A) dA, (2.34) 

£ ->° Js Js 

for i? 3> 1 and 5 > sufficiently small. As a conclusion, we have obtained, 

lim — / FAz) dz= I f'(A) /(A) dA. (2.35) 

e->0 2Z7T y r y 5 
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To study the contribution coming from F2(z), we write 

^- j> F 2 (z) dz = Tr (Jr;f Ro{z) dz (f(P ) - f(P))\ . (2.36) 

Using the spectral theorem for Pq and the assumption (|2.ip , the same argument as f|2.33|) 
gives 

s-lim 1-JRoiz) dz = l m (P ). (2.37) 

Since f(P) — /(Po) is of trace class, and 

s- Urn 1 [6>R] (P )=Id, (2.38) 

one can deduce (see Lemma 12.21 below) that 

lim Jim lim -L / F 2 (z) dz = Tr (f(P ) - f(P)). (2.39) 

_R->oo 5->o e->o 2^7r Jp 

So, using (I2TT8D . (12351) and ([239]), we obtain the result. D 

To complete the proof of Theorem 12. 1\ we prove the following elementary lemma. 

Lemma 2.2. Let A be an operator of trace class. Assume that f(X) is an operator 
valued function, uniformly bounded in X, such that s- lim /(A) = B exists. 

A->A 

Then, f{X)A converges to BA in the trace norm class, as A — > Xq. In particular, 

lim Tr (f(X)A) = Tr(BA). (2.40) 

A->A 

Proof. For any e > 0, let F be a finite rank operator such that ||j4 — F\\t r < e. Then, 

\\f(X)A - BA\\ tr < ||(/(A) - B)F\\ tr + ||(/(A) - B)(A - F)\\ tr . 
Since F is a finite rank operator and s- lim /(A) = B, we have ||(/(A) — B)F\\t r < Ce 

A->Ao 

for | A — Ao | < 5 with some 5 > small enough. Since f(X) — B is a uniformly bounded 
in A, we have also ||(/(A) — B)(A — F)\\ tr < Ce. This ends the proof. □ 

The remaining part of this work is to apply Theorem 12.11 to Schrodinger operator, 
using the known results on the asymptotic expansion of £'(A) as A — > oo. The main task 
is to study £(A) for A near 0. If one can calculate the generalized residue Jo and can show 
that £'(A) is integrable in ]0, 1], then one can take a family of functions /r(A) = x(^), 
where x is smooth and < x( s ) ^ 1> x( s ) = 1 f° r s near 0, x( s ) = for s > 1 and 
expand both the terms 

oo 

£'(A)/fl(A) dX, and Tr(/^(P) - f R (P )) 
o 

in R large. Theorem 11.11 can be derived from Theorem 12.11 by comparing the two as- 
ymptotic expansions in R. 

3. Resolvent asymptotics near the threshold 

Consider the Schrodinger operator P = —A + v(x) where the potential v(x) is 
bounded and has the asympotic behavior 

v (x) = S^. + O((x)- p0 ), |x|^oo (3.1) 
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where po > 2, (r, 8) is the polar coordinates on M. n and q(-) is continuous on the sphere. 
Let Po = — A + ^r- be the homogeneous part of P. Assume n > 2 and 

-A s „-i+g(0) > -hn-2) 2 , on ^(S"" 1 ). (3.2) 

In particular, f|3.2[) implies that the quadratic form defined by Po on Cq°(M" \ {0}) 
is positive. We still denote by Po its Friedrich's realization as selfadjoint operator in 
L 2 {W l ). Due to troubles related to the critical local singularity in the definition of 
spectral shift function, the model operator Po we will use in the next Section is a 
modification of Po inside some compact set. Let < Xj < 1 (j ; = L 2) be smooth 
functions on M. n such that suppxi C B(0,Ri),xi(x) = 1 when \x\ < Rq and 

Xi(x) 2 + X2{x) 2 = 1. 
Define 

-Po = Xi(-A)xi + X2P0X2, 

on L 2 (W n ) (if q = 0, we take Po = —A). In the next Section, P will be regarded as 
a perturbation of Po. But to study the low energy asymptotics of Rq(z) and R(z), we 
regard both P and Po as perturbations of Po. Denote 

P = h-W, (3.3) 

P = P + V = P -W (3.4) 



where 



' x\ 


1(0) 


m 





3=1 

2 

V = -^{Vx^ + v 

i=\ 

W = W-V = -v + 

Note that W and W contain a critical singularity at zero. For n > 3, the Hardy's 
inequality implies that they map continuously H l to H^ 1 . When n = 2, the same 
remains true under the condition (jl.4p if one defines H 1 as the form domain of Po . V is 
bounded and satisfies 

\V(x)\<C(x)-^, Po >2. (3.5) 

Po is still a Schrodinger operator with a potential of critical decay at the infinity. But 
it has nice threshold spectral property at zero. 
Let 



(n-2 
0-00 = <! v\ v - 



Denote 



A + \pl_l^ x g ^(.a^, + q{e)) y ( 3. 6) 

cr k = a oo n]0,k], k€N. (3.7) 

For v E Coo, let n^ denote the multiplicity of \ v = v 2 — ~^ as the eigenvalue of 
— Agn-i + q(6). Let fj\v G o"oo, 1 < j < n v denote an orthonormal basis of L 2 (S n_1 ) 
consisting of eigenfunctions of — A§»-i + q(9): 

(-As„-i + q(0))tpP = \ v tp<i\ (<p®,<p®) = k r 
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Let 7r„ denote the orthogonal projection in L 2 (M + x § n ~ 1 - 1 r n ~ 1 drdd) onto the subspace 
spanned by the eigenfunctions of — A§™-i + q(6) associated with the eigenvalue X u : 

Kvf = J2(f,vP) ® $\ f G L 2 (R + x S"" 1 ;^- 1 ^^). 

3=1 

Let 

& _ i j „2 _ ("~2) 2 

Q v = ~- —i- + ^, in L a (R + ;r"- 1 dr). 

The asymptotic expansion of the resolvent Ro(z) = (Pq — z)~ l near zero can be 
obtained as in [33], by considering Po as a perturbation of Pq. For the later purpose, we 
also need the asymptotic expansion of 4-Rq(z) for z near 0, where Ro(z) = (Pq — z)~ l 
for z £ (t(P ). 

Decomposition the resolvent Rq(z) as 

Rq(z) = ^2(Qu~ Z)~ 1 TT V , Z^R 

The Schwartz kernel K u (r,r; z) of (Q u — z) , 9z > 0, can be calculated explicitly. In 
fact, the Schwartz kernel of e~ lt< ^" is given by (see |29j ) 

1 , x ™-2 r 2 +T 2 -nis ,TT . , 

— {rr)~ — e - — - l -J u (-), t G R, (3.8) 

where ■/*,(■) is the Bessel function of the first kind of order v. Since 

/■oo 

(Q u - z )~ l = i / e - lt{Q »- z) dt 
Jo 

for Qz > 0, the Schwartz kernel of (Q u — z)~ l is 

K v (r,r;z) = (rr)'^ e -% i -H«*-*¥j 1/ (Ll) £ (3.9) 



2r 2t 

r 

~" v 2i' 2t 



(rr)" 1 ^ / e ¥+"^-¥ J,(-) - 



r 2 + r 2 



for 3 2: > 0, where 

Note that the formula of K v (r,r; z) used in [6j[32] contains a sign error. 

The asymptotic expansion for (Q u — z)~ l as z — > and Qz > is deduced from 
([3.9p by splitting the last integral into two parts according to t g]0, 1 or t G [l,oo[. 
The integral for t G]0, 1] gives rise to a formal power series expansion in z near 0. The 
expansion corresponding to the integral of t G [l,oo[ needs a lengthy calculation. See 
m\. Set 



f(s; r, r, 1/) = £>„(r, r) I e^ p+e ^ s (l - 6 2 y- l l 2 d6, v>Q, 
with 

(n-2) e -t7Tl//2 

A,(r,r) = o,(rr)- > .^ = 2^1^/2^ + 1/2) - (3 - 10) 

Then / can be expanded in a convergent power series in s 

00 
/(s; r, r, v) = ^ s j fj(r, r, u), s G R, (3.11) 

i=o 
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with 

f j (r,T,u) = (rrr^-Vp J Ap), (3-12) 

with Pj tl/ (p) a polynomial in p of degree j: 

pUp) = ^f\p + \ey{i-ey~Ue. 

In particular, 



f (r,T,u) = d u (rr) 2 , d u 

n—2 



e -¥ nu 



22^+ir(i/ + 1) ' 

/i(r,r,i/) = id u (rr)~ 1 ^p. 

In [321 133] . the expansion of (Po — z ) _1 is given for z near 0. For the later use, we 
need the derivation of this expansion. By an abuse of notation, we denote by the same 
letter F an operator on L 2 (R + ,r n_1 dr) and its distributional kernel. 

For v G (Too, denote \y\ the integral part of v and v' = v — \u\. Set 

f z"', if i/£N, 
[ zlnz, if z/ G N. 

For z^ > 0, let [z/]_ be the largest integer strictly less than v. When u = 0, set [z^]_ = 0. 
Define 8 V by <J„ = 1, if v G o^ n N, ^ = 0, otherwise. One has [z^] = [z/]_ + o";,. 

Proposition 3.1. Assume the condition \3.ty) . One has 

(a). The following asymptotic expansion holds for z near with Qz > 0. 
N N-l 

R (z) = ^ziFj+Y, 5D ZvZ J Gv, j+Su Kv + RT\z), (3-13) 

j=o vetTN j=[v]- 

in £(— 1, s; 1, — s), s > 2iV + 1. T/ie remainder term R^ (z) can be estimated by 

R { Q N) (z) = 0{\z\ N+e ) G C(-l,s;l,-s),s > 2N + 1, 
/or some e > and Fj is of the form 

Fj = Yl F Vtj ir v £C(-l,s;l,-s), s > 2j + 1. (3.14) 

ueuoo 

F u j and G u j can be explicitly calculated from the asymptotic expansion of K u (r,r,z) in 
z. In particular, 

'b u/tj (rTy +v 'f JHu] (r,r;u), v£N 

(irr) 



G u,j(r,r) = < 
with fk defined by \3.12^i and 



j\ 



-fj-[v]{r,T]v), v G 



b »'J = - —, , ^ ,.., , ', ■ (3-15) 



j» e -*«'V2r(l - z/) 

47+IFF+J)' 

/or < 1/ < 1 . 

(b). The expansion $3.13\) can be differentiated with respect to z and one has 



d 
d.2 
for some e > small enough. 



R { N \z) = 0(\z\ N - 1+e ) G C(-l,s;l,-s), s > 2N + 1, 
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See |32j for the proof of (a). To show that it is possible to differentiate the asymp- 
totic expansion in z, one first shows that it can be done for each (Q v — z)~ l , then one 
utilizes the properties of Bessel function to control the dependence on u, including the 
remainders, and finally takes the sum in v. See [14] for details. 



Remark 3.2. For the later use, let us precise a few terms in Rq(z). By an abuse of 
notation, we denote by same letter an operator on L 2 (R + ; r n ~ l dr) and its distribution 
kernel. Then one has 



■|(n-2) 



'DC: 



Fufl (rr)-f^M etf-«¥j,,(I) * „ G CToo , (3.16) 



o 



'2f It' 



Gi,i = -i(rr)- a f a+1 . (3.18) 

By 13.16]) . one can derive that 

\F vfi (r,r)\ < CH^l^r^, (3-19) 

for some C > independent of v G 0"oo . The uniformity in v is obtained by examining 
the dependence of J u (r) on v. 

The asymptotic expansion for Rq(z) = (Pq — z)' 1 can be deduced by Pq as pertur- 
bations of Pq. One has 

R (z) = (l-F(z)r 1 R (z), R(z) = (l-F(z))- 1 R (z) (3.20) 

where 

F(z) = R {z)W, F(z) = R (z)W. (3.21) 

For n > 3, the multiplication by t-4^ belongs to C(l,s; — l,s) for any s, by the Hardy 

\x\ 

inequality. By (|3.26|) . the same is true for n = 2 if we define H ,s as (x)~ s Q(Po), where 
Q(Pq) is the form-domain of Pq. Therefore although W and W have a critical singularity 
T-w at zero, Proposition 13.11 implies that F(z) = F W + 0(\z\ e ) in C(l,—s;l,—s) for 

s > 1 (here and in the following, H ,s is replaced by (x)~ s Q(Pq) when n = 2). Similar 
result holds for F(z). Note that FqW and FqW are not compact operators. 

Definition 3.3. Set M(P) = { u;F Wu = u, u G H 1 ^ 8 , Vs > 1}. A function u G 
M(P)\L 2 is called a resonant state of P at zero. If M{P) = {0}, we say that is 
the regular point of P. The multiplicity of the zero resonance of P is defined as \x r = 
dimAA/(ker^2 P). Zero resonance and resonant states of Pq are defined in the same way 
with W replaced by W. 

For u G H l ~ s for any s > 1 and u G M, one can show that Pu = (Pq — W)u = 
If W = O((x)~ po ) with po > 3, it is proved in [32] that 

< r °) =EE ^(Wu t M-^ + >W>^§ + 5, (3-22) 

V&CJX j = l * 

where u G -^ 2 (|x| > 1) , and (•,•) is the scalar product in L 2 (S n_1 ). In particular, 
(|3.22|) shows that the multiplicity of the zero resonance of P is bounded by the total 
multiplicity of eigenvalues \ u of — Ag n -i + q(6) with v G a±. 
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For v G o"i, we shall say u is a v -resonant state, or v -bound state, of P if u € A/"(-P) 
and if n has an asymptotic behavior like 



«=2, /) 
7" 2 ' 7" 2 ' 

for some ifi ^ 0, as r — > oo. In the case n = 3 and <?(#) = 0, one has o~\ = j^}- The only 
possible zero energy resonant states of P are half-bound states, which is in agreement 
with the usual terminology on this topic. In the general case, (|3.22|) shows that ip is an 
eigenfunction of — A§n-i + q(6) associated with the eigenvalue X u . We shall say that m 
^-resonant states of P, denoted as u\,- ■ ■ ,u m , are linearly independent if 

ui{x) = ^-{l + o{\)), r^oo, 

f 2 +V 

with {ipi, ■ ■ ■ ,ip m } linearly independent in L 2 (S n_1 ). Let m u denote the maximal num- 
ber of linearly independent ^-resonant states of P. Then, m u does not exceed the 
multiplicity of the eigenvalue X u of — Agn-i + q(9) and 

y m u = p r . (3.23) 

Note in particular that if u is a ^-resonant state, then one has 

(Wu, \y\~ s * 1+ ' l <p®) = (3.24) 

for all p G o~\ with p < v and for all j with 1 < j < n^ and if u is an eigenfunction 
of P associated with the eigenvalue 0, the above equality remains true for all v G o~\ 
and all j with 1 < j < n M (see (|3.22p ). These properties will be repeatedly used in the 
calculation of the generalized residue in Section 4. Finally, remark that if m v ^ for 
some v G o\, we can choose m v ^-resonant states u\ = %-!i (1 + °(l))j 1 < ^ < tti v , 

such that {tpi} is orthonormal in L 2 (S n_1 ). Modifying the basis {ipj? } used in the defini- 
tion of the spectral projection tt v , we can assume without loss that tpi, = ipi, 1 < I < m v . 

The model operator Pq to be used in the next Section has the following nice thresh- 
old spectral property. 

Lemma 3.4. Assume n>2 and 113. fy) . Zero is a regular point of Pq. 

Proof. Recall that Pq = Pq — W with W of compact support. Let u G Af(Po). Let 
vq = mincri > 0, by (|3.2j) . Since W is of compact support, Wu G H ,f for any t > 0. 
It follows from (|3.22p that u G i/ 1,_s for any s' > 1 — vq. On the other hand, Pqu = 
implies that —An = (W — tKj)u G L 2,2 ~ s . By the assumption (|3.2p . one can deduce 
that there exists c > such that 

(\x\~ 2 X2U,X2u) < C(P X2U,X2U). (3.25) 

In fact, let p G Co°(M n ) with p(x) = 1 for |s| < 1. Set u m = p(x/m)x2U, m G N*. Then 
u m G H , and by the ellipticity of —A one has in fact u m G H 2 . The assumption (|3.2p 
implies that there exists eo > such that for / G H 1 with compact support in W 1 \ {0}, 
one has 

<p/j>>//(i^ + ( eo -<^)^W<». 



& 



r 4 r 
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Making use of the Hardy inequality, one obtains for n > 2 

(\x\- 2 fJ)<e G \hf,f). (3.26) 

Since u G H l ~ s and — Au G L 2,2 ~ s for any s > 1 — i^o, ^o > 0, we can take s G]l — vq, 1[. 
Applying (J3.26P to / = u m and taking the limit m — )• oo, we derive (|3.25j) by noticing 
that the term related to [— A, p(x/m)] tends to 0, due to the decay of u. (13.25|) implies 
in particular that (PqX2U, X2u) > 0. The equation 

{-Axiu,xiu) + (PoX2U,X2u) = (PoU,u) = 

shows that each term of the above sum vanishes. The estimate (J3.25P gives in turn 
X2U = 0. Now the unique continuation theorem shows that u = 0. This proves that zero 
is a regular point of Pq. □ 

The existence of the asymptotic expansion of the resolvent Ro(z) can easily be 
obtained by a method of perturbation. Concretely, let K(z) be defined by 

K{z) = {xi{-A + l-z)- 1 x l + X2(h-z)- l x 2 ){Pv-z)-l, z0E+. (3.27) 

K (z) is compact operator on H ~ s , s > 1. By Proposition 13. 1\ the limit K(0) = 
lim^^o K(z) exists and is compact. The kernel of 1 + K(0) in H ~ s coincides with 
M(Pq) (both are equal to solutions to the equation Pqu = 0, u G H l, ~ s )) which by 
Lemma [3.41 is {0}. So (1 + i^(0)) _1 is invertible in H ~ s . From Proposition 13. 1\ we can 
derive the asymptotic expansion of Rq{z) in suitable weighted spaces from the formula 

Ro(z) = (1 + K(z))- l (xi(-^ + 1 - z)~ 1 Xl + X 2{h ~ z)- 1 X2 ). (3.28) 

In particular, Ro(0) = 1^2^0,2^+ -^o(^) exists in £(—1, s; 1, — s), s > 1 and 

R (0) = (1 + iT(0))- 1 (xi(-A + l)-^! + X2F0X2). (3.29) 

However since K(z) contains several terms induced by cut-offs, the expansion obtained in 
this way is too complicated to be useful in the proof of Levinson's theorem which requires 
detailed information on higher order terms. For this purpose, we use the resolvent 
equation Rq{z) = (1 — Rq(z)W)" 1 Rq{z) to obtain a more concise expansion. 

Proposition 3.5. Assume k3.2±) . n > 2 and po > 2. 

(a). 1 — FqW is invertible on H >~ s , s > 1. 

(b). Let s €]l, / Oo/2[. 1 — FqW is a Fredholm operator on H ~ s with indices (m,m), 
m = dimM{P) < 00. One has H l ~ s = ker(l - F W) ran(l - F W). 

Proof, (a). Lemma I3~4l shows that 1 — FqW is injective. Since (1 — FqW)* = 1 — WFq, 
Fq is injective from coker (1 — FqW) to ker(l — FqW). Therefore coker (1 — FqW) = {0} 
and ran(l — WFq) is dense in i7 1,_s . For any u £ -ff 1 ' -5 , set 

f = u + R (0)(Wu) 

with Rq(0) given by (l3T29l> . Then / G H 1 ^ 3 . Since F and Rq(0) are limits of R (z) 
and Rq(z) in C{—\, s; 1, — s), we can check that 

(1 - F W)f = u + (R (0) -Fq- iWi? (0))VF-u = u. (3.30) 

This proves that u G ran(l — FqW) and 1 — FqW is bijective on H ~ s . The open 
mapping theorem shows that 1 — FqW is invertible on H l ~ s . 

To show (b), recall that I+Rq^V is a Fredholm operator with equal indices (m, m), 
m = dimker(l + R (0)V), and that H x ~ s = ker(l + R (0)V) © ran (1 + Rq(0)V) (see 
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P31 EE3). By the relation P = P + V = P - W, one can show that M{P) = ker P = 
ker(l + Rq(0)V) in H 1 ' -8 , s G]l, po/2[ and that coker (1 — FqW) is also of dimension m. 
To show that the range of 1 — FqW is closed, let u G i/ 1,_s and {u n } C ran(l — FqW) 
such that u n — > u in H l ~ s . Let n„ G H l ~ s such that u n = (1 — FoW)u n . Then 
-fb^n = -f «n = {Pq + V")u n . It follows that 

(1 + # (0)W> n = (1 + Ro(0)V)v n . (3.31) 

Since 1 + Ro(0)W is continuous on H ~ 8 , the left-hand side of (|3.3ip converges to 
(1 + Rq(0)W)u asn-y oo, while the right-hand side is clearly in the range of 1 + Rq(0)V. 
Since Rq(0)V is compact, the range of 1 + Ro(0)V is closed. It follows from (|3,3ip that 
there exists v G H x ~ s such that (1 + Rq(Q)W)u = (1 + Rq(0)V)v. One can check that 
u = (1 — -FoVF)v G ran(l — FoW), which proves that the range of (1 — FqW) is closed. It 
follows that (1 — FqW) is a Fredholm operator with equal indices. The other affirmation 
of (b) can be proved in the same way as in |30j . □ 

Denote 

v = (z/i, • • • ,v k ) G ((JN) k , zv = z Vx ■ ■ ■ z Uk , 

k k k 

i=i i=i i=i 

Here z/ = Vj — \vj\- for Uj > 0. From Propositions 13. 11 and [331 (a) and the resolvent 
equation Rq(z) = (1 — Ro(z)W)~ 1 Ro(z), we obtain the following 

Proposition 3.6. The following asymptotic expansion holds for z near with Qz > 0. 
(a). Let JVeN and s > 2N + 1. Then there exists Nq G N depending on N and 
minuoo such that 

N (1) 

Mz)=J2 zJR i + Yl z»z j Ruj + R { o N \z), (3.32) 

3=0 {u}+j<N 

in C(—l,s;l,—s). Here the notation X}}-a+-</v means ^ e finite sum taken over all 
{v} G <7jy, k > I, and j > \v\- such that {i?} + j < N , 



Rq - 


= AF ; R 1 = AF 1 A*; 




(3.33) 


Rv,o - 


= AG vu5v ^ Vl WAG V2tSv2 -n V2 W- 


■ ■ AG ^u,Su k ^k A * 


(3.34) 



for V = (z/ 1; V2-, ■ ■ ■ , i>k) with A = (1 — .FoW) ■ In particular, if k = 1 and i? = i/i, one 
has 

R P p = AG vuSui -K vl A*. (3.35) 

i?j (resp. Rffj) are in £(—1, s; 1, — s) /or s > 2j + 1 (resp. for s > 2j + {i?} + lj, and 
fl^j?) = 0(\z\ N+e ) inC(-l,s;l,-s), s>2N + l. 

(b). The above expansion \3. 32\) can be differentiated in z and one has the estimate 

±Ri N \z) = 0(\z\ N -^), (3.36) 

in C{— 1, s; 1, —s), s > 2N + 1, with some e > 0. 
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For the operator P, zero may be an eigenvalue or a resonance of P. The multiplicity 
of zero resonance may be large, but does not exceed the sum of multiplicities of the 



eigenvalues A of — Agn-i + q(9) such that v = y A + 4 £]0, 1]. The existence of an 
asymptotic expansion of R(z) can be obtained as in [33] by regarding P as perturbation 
of Pq. In order to obtain a more "concise" expansion, we regard P as perturbation of 
P . Let 

< ft < • • • < ?K0 < 1 (3.37) 

be the points in <7i such that P has m ? . linearly independent ^-resonant states with 
X^=i m <; = Mr? Mr being the multiplicity of zero resonance of P. Modifying the basis of 

the eigenfunctions {<fv } of — Agn-i +q{6) if necessary, one can show (see (|3.22p and the 

(i) 
remarks following it) that there exists a basis of ft-resonant states, u)j , i = 1, • • • , m^ 

verifying 

\c q] \ 1/2 {Wuf ,\x\-^ + ^^) = 6 U ,, 1 < I < m,„ 1 < I' < n,., 1 < ; < « , (3.38) 
where c^ is the coefficient of G v s v given by 

e~ i7TU T(l — v) 1 

c - = - ,2^r(i + ^ ^ ] °' 1[; Cl = "8' (3 ' 39) 

(see (|3.17p and (J3.18P ) and 5u> = 1 if I = I'; otherwise. As seen in [33], we can choose 
a basis {<j>j)j = 1, •••,//} of A/", // = dim A/", such that 

{<j>i,W<j)j) =5ij. 

Without loss, we can assume that for 1 < j < fi r , <pj is resonant state of P, while for 
fj, r + 1 < j < /j,, <j)j is an eigenfunction of P. Define 

Mr 

Qr = X)WjV>& (3-40) 

i=i 

m 

Q e = ^ (WfaWj. (3.41) 

j= Mr +i 

The following result can be proved by studying an appropriate Grushin problem 
for (1 - Ro(z)W) as in [33]. See [14] for the details. 

Theorem 3.7. Let \i = dim A" / and iVeN. Assume p > max{4A r -2, 2^+4}. One 
foas the following asymptotic expansion for R{z) in £{— 1, s; 1, — s), s > max{2A^ + 1, 2}; 

iV-i (i) 

R(z) = £ Z ' T J + 2 ^ r *y + T ^) + T -( z ) + T -W + 0(l«r" 1+e ) (3-42) 
j=0 {y}+j<N-i 

Here Tj (resp., Tpj) is in £(1, —s; —1, s) for s > 2j + 1 (resp., for s > 2j + 1 + {z?}J, 

T = AF , T l = AF l {l + WAF ) 

with A = (II' (1 - iW)ir) _1 ir, II' is the projection from H l ~ s onto ran (1 - F W) 
corresponding to the decomposition H l ~ s = ker(l — FqW) @ ran(l — FqW). The sum 
ZJ\ff\+ <n ^ as ^ e same meaning as in $3. 32\) and the first term in this sum is z vo with 
coefficient T U0) q given by 

T Vofi = AG V0>s k Vo (1 + WAF ), 



18 XIAOYAO JIA, FRANQOIS NICOLEAU, AND XUE PING WANG 

where uq is the smallest value of v G a^. T e (z), T r (z) describe the contributions up to 
the order 0(\z\ N ~ 1+e ) from eigenf unctions and resonant states, respectively, and T er (z) 
the interaction between eigenf unctions and resonant states. One has 





(-) 


Te(z) ~- 


= -2 _1 n + ^J zpz j T e .p ;j 




j,{ff}+j<N-l 




no +,N 


T r (z) ~- 


= E^ 1 ( n ^'+ E ^ m (^)~ a ~^ T nff^p,ij), 




3=1 a,0,v,l 




3 


ll r j - 


= e^^<-,nf>uf, j = l,-,Ko, 



with 



1=1 

T er (z) = ^Z-^WQeFjWTLrj+ILrjWQrFjWlIo 
3=1 

+,N 

+ y, ^\{z ? r a -^z i T er . AaAhj ). 

a,P,ff,l 

Here d = <jj — fa], Ho is the spectral projection of P at 0, and T e (z) is of rank not 
exceeding Rank IIo with leading singular parts given by Uj G C2 ■ 

T e , v ,_ x = (-lf +1 (U WG vul+Sui n ul W) ■ ■ ■ {TkWG v „ tl +s wy K v JW)Tk, (3.43) 

for V = (i/!,--- ,u k ,) G 0$ with {u} < 1, {z ? )~ a = CO" 4 * 1 •••(^ ) _aK °- The SMm " 
motion ^ /-a 4. -<jv_ 1 * s taken over all indices v G {aj^) k , k G N* and a// j G Z wrat/i 
j > [z/]_ — 1 such that {z?} + j < N — 1, and the summation ^ Q Wz ^ s taken over all 
possible a, G N K ° wtffc 1 < |a| < N , \/3\ > 1, v = {u u ■ ■ ■ ,u k ,) G a%, k! > 2\a\, for 
which there are at least a k values of Uj 's belonging to o~\ with Vj > q k , for 1 < k < kq, 
!6N, satisfying 



\p\ + M + 1 - JT(a fc + ft)* < N - 
k=i 

This theorem is proved [33] for the Schrodinger operator of the form P = Pq + V 
with V bounded and satisfying \V\ < C{x)~ p0 . In the present work, V = —tyq(0) + W 
has a critical singularity at 0. So we can not directly use the result of |33j . but with 
the help of Proposition 13.51 one can follow the same line of proof to obtain Theorem 
13.71 (see |14|). With the sign correction on c\ and the formula (4.32) in [33], one sees 
that a 1-resonant state vS gives rise to a singularity of the leading term jj^(-, vS )vS 
instead of — j^Tz(-, u) )u- as stated in Theorem 4.6 of [33]. 

4. Generalized residue of the trace function 

Let / be a function satisfying the condition of Theorem 12.11 As we have seen 
before, (R(z) — Ro(z))f(P) is of trace class for z ^ o~{P). Moreover, the application 
z — > T{z) = Tr [(R(z) — Ro(z))f(P)] is meromorphic on C\R+. The goal of this section 
is to calculate the generalized residue of T(z) at z = 0, in the sense of Section 2. 
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First, let us recall some well-known results for the trace ideals 5^ p C C(L 2 (M. n )), (see 
[281 IX.4] for details). 

Definition 4.1. For 1 < p < oo, we say that a compact operator A G S^ p if \A\ P 
is a trace class operator, where \A\ = V 'A* A, and we set \\A\\ P = (TV |^4.|- p ) 1 ^ ;> - For 
p = oo, S^oo is the set of the compact operators with \\A\loo = \\A\\. 

We have the following properties : 

Proposition 4.2. (^ IX. A]) Let 1 < p < oo and p' 1 + q~ l = 1. 

fa) IfAey p and B G ^, t/ien 4B G ^ and ||AB||i < ||A|| p • ||B|| g . 
faj J?^, is a Banach space with norm \\ ■ \\ p . 

(c) yicy p . 

(d) If Ae y p , then A* G y p and \\A*\\ p = \\A\\ p . 

By Proposition 13.61 for z near with Qz > 0, one has for s > 1 : 

R (z) = R + /4 0) (z) in £(-1, s; 1, -a), (4.1) 



>(o) 



with Rq (z) = 0{\ z \ e ). We deduce the following result : 

Lemma 4.3. For m > re/2, s > 3 and z near 0, Sz > 0, (x)~ s Rq(z)(x)~ s G 5^ m and 
there exists a constant C independent of z, such that 

\\(xy s R (z)(x)- s \\ m <C. 

Moreover, {x)~ s {R(z) - R ){x)- S = 0(\z\ e ) in Y m . 

Proof. Let x S Co°(M) such that x( r ) = 1 for \r\ < 1. Then (x)~ s R (z)(x)~ s can be 
written as 

(xr s R (z)(xy s = F 1 (z) + F 2 (z), 

with 

F 1 (z) = (xr s R (z)x(Po)(xr s ; F 2 (z) = (x)- s Ro(z)(l - x(Po))^)" s - 

First, let us study F 2 (z). Using the resolvent identity, we can decompose F 2 {z) = 
F 2 i + F 22 (z), where 

F 21 = (x)- s i?o(-l)(l-x(A))(x)- s , 

F 22 (z) = (l + «)«x)-i2 (^)( a :)-')((x)''Uo(-l)(l-x(^))(a:)- a ). 

It is easy to check that F 2 i and (x) s T?o( — 1)(1 — x(Po))(%)~ s ar e in ,5^ m , if s' > 1 
is chosen close to 1. By (|4.ip . it is clear that (x)~ s Ro(z)(x)~ s is uniformly bounded, 
for z near 0, 9z > 0. Then we deduce that F 2 {z) G =5^ m , and ||F 2 (z)|| m — C with some 
constant C independent of z. 

Now, let us study Fi(z). We write Fi(z) = (x)- s i? (z)(x)- s '((2;) s 'x( J Po)(^)" s ) with 
s 1 > 1 close to 1. Using a similar argument as above, we can get that ||Fi(z)|| m < C 
with some constant C independent of z. 

Therefore (x)~ s Ro(z)(x)~ s G 5? m , and for some C independent of z, 

||(x)- S T? (z)(x)^ S |U < ||*l(*)||m + \\F2{z)\\m < C. 
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Repeating the same arguments with Rq{z) replaced by Ro(z) — Rq, we obtain that 
(xy s (R(z) - Ro)(x)- s = OQz\ e ) in S> m . □ 

We can now establish the main result of this section : 

Theorem 4.4. Assume that p > max{6,n + 2} and f satisfies the condition of Theorem 
\2.1\ Then the generalized residue ofT(z) = Tr [(R(z) — Ro(z))f(P)] at z = is given 
by 

Jo=N + ^^m j , (4.2) 

i=i 
where ]\[q is the multiplicity of zero as the eigenvalue of P and nij the multiplicity of 
Sj -resonance of zero. 

Proof. The proof is rather long and is divided in two steps. We write / ~ g if f(z) — 
g(z) = 0(\z\~ 1+e ) for some e > 0, with z in a neighborhood of and Qz > 0. 
We fix k G N with k > § + 1 and we use the following resolvent identities : 

R{z)-R {z) = -Rq{z)VR{z) 
fe-i 
= J2(-iy(Ro(z)VyRo(z) + (-l) k R(z)(VR (z)) k . 

3=1 

Decompose T{z) = -Tr [R (z)Vf(P)R(z)] as T(z) = T 1 (z)+T 2 (z) where 

fe-i 

T^z) = -Tr[R (z)Vf(P)(R (z)+Y,(-iy(Mz)V) J Ro(z))}- (4-3) 

T 2 (z) = (-l) k+1 TT[R (z)Vf(P)R(z)(VRo(z)) k )]. (4.4) 

First, let us study T\(z). Using the cyclicity of the trace, one has, for s > 1, close 
to 1, 

Tr[R (z)Vf(P)R (z)] = Tr [R 2 (z)V f (P)] 

= Tr[((x)- S ^-R (z)(xr s ) ((xyVf(P)(xy)]. 

Since p > n + 2, (x) s Vf(P)(x) s € 5?\. So, by Proposition 13.61 we deduce that 

Tr [R (z)Vf(P)R (z)} « 0. (4.5) 

Similarly, we can get that the other terms of T\(z) give the same contribution. Therefore, 
we have obtained : 

ri(z)«0. (4.6) 

Now, let us study T 2 {z). Since k > %-\-l > % — 2, we can define T$(z) for z ^ cr(P) 
by: 

T 3 (z) = (-l) fc+1 Tr [R (z)VR(z)(VR (z)) k )}. (4.7) 

Then, for s > 1 close to 1, we have as previously, 

T 2 (z)-T 3 (z) = (-l) k Tv[R (z)VR(z)(l-f(P))(VR (z)) k )]. 

= (-l) fc Tr l((x)- s ±Ro(z)( X )- s )(x) s V(R(z)(l - f(P))) 
(VR (z)) k ^V(xn 
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Since 1 — f(t) is equal to for t near 0, R{z){\ — f(P)) is uniformly bounded for z in 
a neighborhood of 0. Moreover, since po > 6 and k > ^ + 1, Proposition 14.21 (a) and 
Lemma 14,31 imply that, for z near and z ^ R_|_, 

|| (y^o^))^ 1 ^(x) s ||i= 0(1). (4.8) 

By Proposition 13.61 (b), we conclude that, for some e > and z near with Qz > 0, 

T 2 (z) - T 3 (z) « 0. (4.9) 

The main task of the proof is to estimate T 3 {z) at 0. 

• Step 1: Assume that is not an eigenvalue of P. 
Using the cyclicity of the trace, we remark that 

T 3 (z) = (-l) fc+1 Tr [(^-RoizWRizMRoWV)"- 1 ]. (4.10) 

Let us introduce the following notation : 

Ui =sgn{V) |V|3 , U 2 = \V\v, 



Si(z) = U^Roiz)^ , S 2 (z) = UxR{z)U 2 , S 3 {z) = U^z)^. 
Then, 

T 3 (z) = (-l) fc+1 TY [Sx^a^*- 1 ^)]. (4-ii) 

As previously, by Lemma [4.31 we have for k > § + 1, po > 6 and z near with Q(z) > 0, 

||5 3 fe - 1 (^|| 1 = 0(l). (4.12) 

By Proposition 13.61 (b). with N = 1, 

, (i) , 

— i?o(-z) = Ri + Yl -r zpRp >° + ° (|z|£) ' (4 ' 13) 

in £(— 1, s; 1, — s), for s > 3 and some e > 0. Since po > 6, we deduce that 

St(z) = S n (z) + S 12 (z), (4.14) 

with 

(i) , 
S 11 {z) = U 1 R 1 U 2 + Yl -rtfi^RffflUi (4.15) 

and 

S- 12 ( 2 ) = 0(|z| e ) m£{L 2 (R n )). (4.16) 

In the same way, we can use Theorem 13. 7| with N = 1 (and po > 6) to decompose 
S^z). Note that T e (z) = 0, T er (z) = since is not an eigenvalue of P. So we have, 

S 2 (z) = S 21 (z) + S 22 (z) + S 23 (z) (4.17) 
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with 

5 2 i (z) = ^z^UxTLrjUz, (4.18) 

3=1 

Kq +,1 

S 2 2{z) = E E % lz ^ m (^r a ~^ l UxT r;i ;, aMj U 2 , (4.19) 

j=l a,/3,i>,l 

S 23 (z) = O(l) in C(L 2 (R n )). (4.20) 

It follows from the previous discussion that 

T 3 (z) = T 31 (z) + T 32 (z) + T 33 (z) (4.21) 

where 

T 31 {z) = (-l) fe+1 Tr [S 11 (z)S 21 (z)St 1 (z)], (4.22) 

T 32 (z) = (-l) k+1 Tr [S 11 (z)S 22 (z)Sl- 1 (z)], (4.23) 

T 33 (z) = (-l) fe+1 Tr l(S n (z)S 23 (z) + S 12 (z)S 21 (z) 

+S 12 (z)S 22 (z) + S l2 (z)S 23 (z))St 1 (z)}. (4.24) 

First, let us study T 33 (z). We have the following result : 

Lemma 4.5. 

T 33 (z) « 0. (4.25) 

Proof. Clearly, we have for some e > 0, 

Sn(z) = 0(\z\~ 1+e ) , S 21 (z)=0(\z\nz\- 1 ) in £(L 2 (M n )). (4.26) 

In the same way, we want to estimate S 22 {z). We note that the summation ^ Q Wz ls 
taken over all possible a, /3 £ N K0 with 1 < |a| < iV"o, \/3\ > 1, v = (v\, • • • , v^) € a\ , 
k' > 2|a|, for which there are at least a^ values of i/,-'s belonging to o~i with Vj > <^, for 
1 < k < Ko and I £ N, satisfying the condition 

|/3| +M + *-£>* + At)* <1- 
fc=i 

It follows that 

Z \P\{ Z? )-P = 0{1) , ^(z f -)- Q = 0(|zr). (4.27) 

We emphasize that in the second estimate of (I4.27p . we have used k! > 2\a\. Then, we 
have obtained, 

S 22 (z)^0 in C(L 2 (R n )). (4.28) 

Then, the lemma follows from (J4TT21) . (jJTTBI) . (J4T20D . (J4T26]) and (H~28|) . □ 

The following elementary lemma will be useful to estimate T 3 i(z) and T 32 (z). 

Lemma 4.6. Let u G Af(P), A = (1 - FqWY 1 . Then 

A*Vu = -Wu , R Vu = -u. 

Proof. By definition, if u € M(P), F Wu = u. Thus, Vu = (W-W)u = -(l-WF )Wu 
which proves the first equality. Using the same argument, if Pu = (Pq + V)u = then 
Proposition 13.61 implies that RqVu = —u. □ 
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Now, let us study Tsi(z); we shall see that T$i{z) gives the leading term of the 
generalized residue. We denote 5ij the Kronecker symbol : 5ij = 1 if i = j, Sij = 
otherwise. 

Lemma 4.7. 



1 A I \ 

ni(z) « — J2 W; - -*L Ui - E < «iV«g^«S > • ( 4 - 29 ) 

3=1 V «=1 / 

Proof. It follows from (TQ2|) that 

(-l) fc+1 T 31 (z)= Tr [P^^^^t 1 ^] 



(i 

+ Tr IE ^^l%^E^ ln r/2 5 : 

(a) + (6). 

First, let us study (6). As we will see, the cases ? K0 < 1 and s K0 = 1 are slightly 
different. 

o Case 1 : Assume that q Ko < 1. 

It follows that d = ?j , and for j = 1, . . ., kq , 



Ur d = e^^2<-,uf>uf 



.(0 ^..(0 

Z=l 

We deduce that 

Ko "S' (i) 






W = EEE ^'^^Tr [^li^,o^(^- 1 (z)-,«? ) >«®l 

j = l /=1 {j7}<l 



ko "N' (1) , 

= EEE ^'^^Tr [C7 1 ^oF{-,(5 3 fe - 1 (^)rC/ 2 «f)«f] 

j=l Z=l {ff}<! Z 

K "^ (1) , 

= EEE e^ z- 1 -z,{U 1 R Pfi Vuf,(St 1 (z)rU 2 u { ; ) ) 

3=1 1=1 {v}<1 
«0 "N' (!) , 

= EEE e^ tf^zeiRaflVufMStHzWUiu®). 

3=1 1=1 {P}<1 

Using (I3.34D with u = (ui, . . . , u p ), we have 

R ff ,oVuf = AG VlM tt^WAG^s^tt^W ■ ■ ■ AG VpAp ^ p A*Vuf . (4.30) 

Thus, Lemma 14.61 implies 

RfffiVuf = -AG„ u5vi k v1 WAG V2 , Sv2 -k V2 W ■ ■ ■ AG VpAp v Vp Wuf . (4.31) 
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P 

It is easy to see that for v = (y\, . . . , v p ) with Yl z/j > <^-, one has z~ -^zp = 0(|z|~ 1+e ) 

for some e > 0. It follows from (|4,12p that it suffices to evaluate (b) for v = {y\, . . . , v p ) 

p 
with Y^Vi< <jj, 

i=l 

o Assume first 3i G {1, ■ ■ ■ ,p} such that z^ = $j. 

One deduces that p = 1, i.e z? = v\. Moreover, since q KQ < 1, one has v\ = <jj < 1. Using 
f|3.35|) . we obtain 

^,0^4° = - AG *fl ^Wuf. (4.32) 

Recalling that 

Z'=l 

and using (J3.17P and (j3.39p . we deduce 



G Ql0 TTqWuf 



^ />+oo 

l'=i Jo 



" — 2 i ,- V — A , tl\ , n — 2 



Z'=l 



It follows from the normalization condition of resonant states given in (I3.38P that 

G«,o 7r s .W«S° = -e~ 1 ^ | c ? , |3 r~^+^ pg>. (4.34) 



Thus, in this case, we have 

,(0 



R Pfi Vuy=e- 1 ^ |c ? . 



Jif|i j-V+Q ^gA . (4.35) 



o Assume now that Vi £ {1, • • • ,p}, Ui < <jj. 
In particular v p < 1 and using (J3.24D . we obtain 

G Vp ^ Vp Wuf = G^E^f,^)®^ (4.36) 



{'=i 



"i')> 



r -^+, P y- /^,(0 | „ |-^+vp ,„(0\,„(0 



^(^,|x|-^^J) (4.37) 
*/=i 
= 0. (4.38) 

Thus, in this case, using (|4.3ip . we have 

RufiVuf = 0. (4.39) 

As a conclusion of (J4.35P and (|4.39p . we obtain 

( fe ) * EE I c ^ I 1 ^W Wl * l"^ +?J V§ , ),^i(Sj- 1 («))^2«f>. (4.40) 
i=i i=i 

By Proposition ESI (Sf -1 ^))* = (C/b-RoL/i)* -1 + 0(|z| £ ) in L 2 (W l ). Moreover, 
since q < 1, 2~ X ^(^) = f . Thus, 
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1 K0 j 

W « EE I** I* ^(^(|x|-^+^4)),C/ 1 (C/ 2 i? C/ 1 ) fc - 1 C/ 2 «f) 
z i=i 1=1 

« -££ i «* i 1 * wi - i"^ +?J ^)^(^v)*- 1 ^) 

z i=i j=i 

- ^^EE i <* i' « wi - r 2 ^ ^? W } > 



z 
z 



3=1 1=1 



EE i^i* 9<m-^ + MW°>, 

3=1 1=1 



where we have used Lemma [4. 6 1 in the two last equations. Using again the normalization 
condition of resonant states given in (J3.38P , we obtain : 

Z 3=1 1=1 Z 3=1 



o Case 2 : assume that ^ KQ = 1. 

In this case, <d = ^ for j = 1, ..., kq — 1 and <^. Q = 0. So we can write, 

K -l m *j (i) , 

W = E E E e *** ^X* (fyflVufMSl-HzWUiu®) + (b'), (4.42) 

3=1 /=1 {4<l 

where we set 

mi (i) 



n = EE T^^w^^ois.ctsj-'wr^uW). (4.43) 

1=1 {j7}<l 

The first part of (6) in (|4.42|) can be calculated exactly as in the case 1. Thus, one has 

( fc ) » ^-^- E ™^i + ( ft/ )- ( 4 - 44 ) 

* 3=1 



Now, let us study (6'). Using the same approach, an easy calculus gives 

■mi , 

(6') « (_i)*-i ^-^-^(^^(u^ug^ug). (4.45) 

Using (|3.35|) . we have 

RifiVul] = AG^nnA'Vu® = -AGi,i7nW«g. (4.46) 

Recalling that 

"i 

7r 1 =x;(.,rf' ) )®^ ) , 

V=l 
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we deduce 

^l / i +oo 

G 1A mW4l = J2 Gi,i(r,T)(Wu® ,<pV)<pV r n ~ x dr 

v=x h 



v=i 

where we have used (|3.18p and (|3.39|) in the last equation. As previously, it follows from 
the normalization condition of resonant states that 

Gi tl inWu® = - | ci 1 2 r _2 ^ + Vi°- (4-47) 

Thus, 

Ri,oVu® =\cl\vA(\x |-^ +1 rf } ) • (4.48) 

It follows that 

mi 



mi 



1 d 



i=i 

(-l) k m 1 ( l - + 



z zhiz 

where we have used again the normalization condition of resonant states. Thus, in this 
case, we have obtained 



.7=1 V 7 



(_-[\k ^t'" 1 

(6) « i-i- ^ , 

3= 



As a conclusion, we have proved in all cases 

/ -\\h ^ 

It remains to study (a). Using the same strategy as for (b), we obtain easily 

k m %- 
(a) « (-lf-^Je^i *£{RxVuf ,Vuf) (4.51) 

i=i «=i 

If ? K0 < 1, it is clear that (a) is negligible. If <j K0 = 1, we obtain 

(«) - ^ty^ £<^^2 > ^2>> ( 4 - 52 ) 

1=1 

and the lemma is proved. □ 

For Ts2(z), we have the following 

Lemma 4.8. 

T 32 (z) « 0. (4.53) 
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Proof. Using (14.26J) and (14.28J) . we see that it suffices to prove that the following term 
is negligible : 

«o (l) +,l , 

3=1 {P}<\ a,P,vi,l 

V 

First, let us remark that if /^v% > <>j, the same argument as (|4.27p implies that 



j=i 



d 



z^z th z\P\{z ? )- a -^^z g « 0. (4.54) 

p 

So, it remains to estimate (c) when v = {y\, ..., u p ) satisfies > Vi < Sj. From the proof 

i=i 
of Theorem 13 .7^ we know that T r .ff ia gij is a linear combination of 

n rj -Br;i7i,Q,/3,ij and A r . ) ff Liaj p i i i j'n ri jWG l j, i 8 lt 7r IM B r .ff lia) p i i ) j, (4.55) 

where Ar^^pjj is a bounded operator in £(1, — s; 1, — s), s > 3 and B r .p lta _p t ij is a 
bounded operator in £(—1, s; —1, s) for s > 3. 

o Let us study the contribution coming from JLfjB r .p ia pij. 

To simplify the notation, we write B = B r .^ a ^^^. In this case, as previously, we have 

Tr [UifyoVUrjBUiStHz)] = £ e^ (ifc.oVuf , U^S^izffUtB'uf >. (4.56) 



/=! 



(J) 



Since i> p < ?j, as in (|4.39p . we obtain Rp^VvS = 0. 

o Now, let us study the contribution coming from A r .ff iai pi ) jn r jWG l j t x' K n-^r;ifi.,a,ff,l,j- 

We remark that, if \i < fy, the same argument as before and ()3.24p imply 
TLrjWG^s -Kfj, = 0. Thus, it suffices to study the case \x > Sj. To do this, we refer 
to the proof of Theorem 4.6 in [33]. The term G^s^fiBr-^^^^j comes from the expan- 
sion of Li(z)W (D + Di(z))R (z) with D G £(1, — s; 1, — s) for any s > 1 and Dq\jy = 
and 

£i0) = E z » G u-,S» n » 
£>i(z) = z£>i + J^ 2r M D M)0 

for some -Di and -£^,0 in £(1, — S J 1) — s ) with s > 3, so the coefficient in front of G^g n^ 
Br;ff lt a,fi,l,j ls O(z^). In the same way, the term A r .ff 1}aj p } ijU Ti jW comes from the the 
expansion of 

(1 - (D + Di(*))Li(z)WOir(*)Qr - n r (#Q r , 
where I r (z) is of the form 

J r (z) = (1 + OQz\ e ))U r (z)W, U r (z) = Y, — u r,j 

3=1 ^ 
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with H r j defined in Theorem 13.71 (see p. 1931 of j33j). so the coefficient in front of 
Ar.j^apijUrjW is 0(|z| _?J+<E ). It follows that the coefficient oiT r .$y a pij in Theorem 
13.71 is 0(\z\ e+>l ~^) = 0(\z\ € ). As a conclusion, (c) = 0(|z| _1+<! ) and the lemma is 
proved. □ 



• Step 2 : Assume that is an eigenvalue of P. 

We follow the same strategy. S±(z) , S2(z) , Ss(z) , Su(z),Si2{z) are the same as before. 
Using Theorem 13.71 with N = 1, Sziz) can be decomposed as 



with 



S 2 (z) 




S21O) 


= U x T r (z)U 2 


S22O) 


z 


#23(2) 


(-) 

= ^2 zpz j UxT e .p.jU2 




j, M+j<o 


£24 0) 


= U x T er (z)U2 


£25(2:) 


= o(i). 



(4.57) 



Thus, it follows that 

T 8 (*) = (-l) fc+1 Tr [5 1 ^)5 2 (^)5 3 fc - 1 (z)] = £%(*), (4.58) 

where for j = 1, ..., 4, 

T 3i (z) = (-l) fc+1 Tr [S 11 (z)S 2j (z)StHz)}, (4.59) 

and 

r 35 (z) = (-l) fc+1 Tr [(Sii(z)S 25 (z) + ,Si 2 (z)5 2 (z))^ 1 (z)]. (4.60) 

It follows from (|4TT2j) . (|4TTU|) and P~2!)j) that T 35 (z) « 0. Now, let us establish the 
following lemma which will be useful to estimate the other terms. 

Lemma 4.9. For V = (i/j, ...,f p ) € (°"i) p > one /ias : 

i?^ o Fn o = , IIoFi^,o = 0. (4.61) 

Proof. We only prove the first assertion since the other one is similar. Let ^>j, j = 
1, ..., A/"o, be an orthonormal basis of the eigenspace of P with eigenvalue 0. As previously, 
one has 

RffpVQj = ~AG VlXi ir Ul WAG„ 2X2 Tr U2 W ■ ■ ■ AG UpXp 7r Up W^, (4.62) 
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and 

1=1 
= c Up {W$j, | x |"^+^ < } ))r-^+^ ® pg, 
= 0, 
where we have used (|3.22|) in the last equation, with u = <3?j € L 2 (M n ). D 

First, let us study T^{z)- We have the following result : 

Lemma 4.10. 

T 32 (z) « -^. (4.63) 

Proof. We can decompose T32(z) as 

r 32 ^)=7i(z)+7 2 (z) (4.64) 

with 

l!(z) = Hi! ]T ^Tr [^^oVIIo^St- 1 ^)], 

W = ^^ Tr [C/i/iiFnoC/2^- 1 ^)]. 

By Lemma 14.91 I\{z) = 0. Now, let us study l2{z). As previously, we have 

A"o 

Tr [U 1 R 1 VU U 2 Sl-\z)} = ^(#1^, ^(S*- 1 ^))*^;) 

A" 

= (-i^- 1 ^yi^^+odzn. 

Recall that J? x = A^vl* and A*V*j = -W%. Thus, 

Mi _____ ______ 

Tr [UiR 1 VU U 2 Sl- 1 (z)} = Y^(F-yW<Stj,W&j) + +0(\ z \ e ). (4.65) 

i=i 
The lemma comes from the following result (see [12], [30 ) : 

(F 1 W$ i ,W$ j )=5 ij . (4.66) 

D 

Now, we prove : 

Lemma 4.11. 

T 33 (z) « 0. 

Proof. Since ^23(2) ~ 0, it is easy to see that 

(i) (-) , 

T 33 (z) » (-l) fc+1 £ ^ di z ^ z ' Tr [^o^.^Sf^)] 

M<1 j,{*i}+3<0 
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We note that T e;1 ;.j = IIqA^.j with A e .p.j be a bounded operator in C(— 1, s; — 1, s), 
s > 3. So the result comes from Lemma 14,91 □ 



We have the following estimate for T 32 (z) : 
Lemma 4.12. 

Tu{z) ~7h^ Tr [ R i v ^WQ e F 1 WIL rt n+ILr,K WQrFiWn )V]. 
Proof. We have 

(i) , 
T 3 a(z) = (-l) fe+1 Tr [(U l R l U 2 + V —z U 1 R 0tO U 2 )(U 1 T er (z)U 2 )Sl-\z)}. (467) 

M<1 

First, we assume that s KQ < 1. In this case, U\T er (z)U 2 ~ and it follows that 

T34(*)«Ji(*) + J2(;?) + J3(*), (4.68) 

where 

K (1) 

dz 
l 

dz 

+,i 

Ti:[l7ii2 i ; > o^r er . ftja)A , J ^ 2 5*- 1 (z)]. 



Ji(z) (-l) fc+1 ]T E ^^^[UiRpfiVnoWQeFxWUr^StHz)]. 

j=i {4<i 

J 2 (z) (-l) fc+1 ^ J2 ^z^Tii^R^VUrjWQrFxWUoU^-Hz)}. 

3=1 {u}<\ 

Hz) = (-i) fc+l EE E ^-Vi^Wr^ 

i=i(4<i«,fti?i,i 



By Lemma [4.91 J\(z) = 0. Now, let us study J 2 {z). As previously, the leading 
contribution is obtained when V = qj. So we have : 



J 2 {z) « ^ Y,^ Tl ^ U ^ J fi VU r,jWQ r F 1 WU U 2 Sl- 1 (z)} 



3=1 



(_l)k+l K o ___ 



z ,=i 



where we have used the cyclicity of the trace. Moreover, it is easy to see that Lemma 
1J] implies 



Ik>(VRo) k - 1 = (-l)"- 1 IUi , TLrjiVRo) 1 *- 1 = (-l)*- 1 ^-. (469) 

Using the first assertion of (|4.69p and Lemma 14.91 we deduce 

Mz) « -E ? i Tr [Vn r jWQ r FiW r n ^i2Q,o] 

« 0. 
Finally, using the same arguments as in Lemma 14.81 we can show that J%(z) ~ 0. 



A LEVINSON'S THEOREM 31 

Now, let assume that g- = 1. We follow the same strategy as in the case ? K0 < 1. It is 
easy to see that, in this case, 

(_l)k+l _ _ 

T 34 (z) « K —±- Tr [UxR^iUoWQeFiWUr^+Ur^WQrFiWno^Sl^iz)] 



(_l)fc+l 

zlnz 



Tr [iWiWQeiWiw + n r , K0 iuQ r Fiiun )(uPof- i u]. 



Then, the lemma comes from (J4.69I) . □ 

Finally, 731(2;) has been computed in the case where is not an eigenvalue of P. 

End of the proof of Theorem \4-4\ 

As a conclusion, it follows from the above discussion that in all the cases, one has 



1 / K ° \ 

T (^--(E^+ A/ '°] + 



(4.70) 



zlnz' 



for some constant C and for all z near with Qz > 0. Using the relation T(z) = T(z) 
for Qz < 0, we deduce that C is real and (|4.T0|) holds for z near and Qz 7^ 0. Recall 
that the generalized residue is defined as 



1 f 

Jo = lim lim / T(z) dz 

2m8^0e-+oJ„,x e) 



if the limit exists, where 7(5, e) is positively oriented. We obtain from (I4.70P that 

1 r ^ 1 

- — / T(z)dz = Y,^ J +N + O( e -) + O(— — ), 

uniformly in < e << 5. Taking first the limit e — > 0, then the limit 5 — > 0, one derives 
Jo = X^=i^.y m ?j +M)- This proves Theorem I4.4I □ 

5. Proof of Levinson's theorem 

In this section, we shall use Theorem I2.ll to prove a Levinson's theorem for 
potentials with critical decay. First, we have to verify that the conditions (|2.ip . 
and (2.4) — (2.9) hold. In the last section, we have seen that (|2.8p is satisfied if 
po > max(6,n + 2). 

Under the assumption (jl.4p . the Hamiltonian Pq is positive, and it is well known 
that P and Po have no embedded positive eigenvalues, and the spectrum of P and Pq 
is purely absolutely continuous on ]0, +00 [. 

Using Theorem I3.7I with N = 0, one has for s > 2, z small with Qz > 0, 

\\(x)~ s R(z)(x)~ s ||< -^- (5.1) 

I z I 

We deduce that the negative eigenvalues of P can not accumulate at 0. Indeed, let cp 

be an eigenfunction of P associated with an eigenvalue A G [— S, 0[, 5 small. It is well 

known that that (p decays exponentially. So, using (|5.ip with z = A + ie, we obtain 



-||(»)-VII<n-^T-r||<a:)VII, (5-2) 
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which gives the contradiction when e — > 0. 

At least, for po > n and k > j, it is well known that ()2.ip holds, (see for example, [25 
Theorems 1.1 -1.2). 



Now, let us prove the following elementary lemma in order to verify ()2.6[) : 

Lemma 5.1. Assume po > n. Then, for every f € Cg°(R) ; there exists C > 0, such 
that : 

| Tr[(R(z)-R (z))f(P)} | < ^, 
uniformly in z £ C io#/t |z| iar^e and z ^ o~(P). 
Proof. For z ^ o~(P), using the resolvent identity, we have : 

(R(z) - Ro(z))f(P) = -R(z)VR (z)f(P) 

-R{z)VR{z)f{P) - R(z)VRo(z)VR(z)f(P). 
Let /i £ C^° such that /i/ = /. Using the cyclicity of the trace, we obtain : 

Tr [(R(z) - R (z))f(P)} = (1) + (2), 
with 

(1) = -Tr[{R(z)MP)) (h(P)V) (R(z)f(P))}, (5.3) 



(2) = -Tr[(R(z)h(P)) (h(P)(x) 



PO 
2 



((x)fvR (z)V(x)^) ((x)-^/!(P)) (R(z)f(P))]. (5.4) 

For \z\ large, 9z / 0, we have ([27]). 

|| (x) E TVRo(z)V(x)^ ||= 0(|zr 1/2 ). 
Moreover, by the spectral theorem, 

l|fl < z » /(p »i |= *H(^7)= 0( r^>- 

The lemma follows now from the fact that (x}~~2 fi(P) is a Hilbert-Schmidt operator 
and f\(P)V is of trace class. □ 

In the same way, using Theorem 13.61 with N = 0, one has for z ^ a(Po), \ z | small, and 
s > 1, po > n + 2, 

Tr[i?o^)(/(P)-/(Po))] = TV[(x)- s (i?0 + O(U| e )){x)- s 

<z) s (/(P)-/(P ))<*) s ] 
= 0(1). (5.5) 

Then, the assumption (j2.7|) is satisfied. 

In order to obtain a Levinson theorem, we have also to prove that £'(A) is integrable on 
]0, 1]. We have the following result : 



Theorem 5.2. Under the conditions of Theorem \4-4\ for some eo > 0, 

£'(A) = (\- 1+e °) , A 10. (5.6) 
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Proof. We shall prove that 

A 1 -^e / (A)GL-(]0,l[) = (L 1 (]0,l[))', (5.7) 

or equivalently, 

3C>0,V^e C °°(]0, 1[), | / A 1 " 60 £'(A) <p(\) d\\< C |M|i . (5.8) 

Jr 

Let us consider g £ Cg°(]0,l[;R) and / £ Cg°(M;R) such that / = 1 on [0,2], so we 
have fg = g. For A G]0, 1[ and e > 0, we have : 

Tr [R(X + ie)f(P) - R (X + ie)f(P )] (5.9) 

= Tr [(R(\ + ie) - R (X + ie))/(P)] + Tr [P (A + te) (/(P) - /(P )]. 

By the definition of the SSF, 

Tr [P(A + ie)f(P) - R (X + ie)f(P )] = - [ £(s) %(s, A + te) ds, (5.10) 

where we have set 

/(s,A + ie) = ^— f(s). (5.11) 

S — A — IE 



Thus, the left hand side of (|5.9p is given by 

(LHS) = [ £( S ) ^—2 f(s) ds- [ £(s) J— - f'(s) ds. (5.12) 

Jr {s- X- ze)^ 7 R (s - A - le) 

Using (|4.70p and (|5.5p . the right hand side of (|5.9p satisfies for a suitable real constant 
C, 

(RHS) = -— — + tt . r^ 7T — + r(A,e), (5.13) 

v y A + ie (A + ie) log (A + ie) v y v 7 

where 

r(A, e) = O (|A + ie^ ) + Tr [R (X + ie) (/(P) - /(P )] (5.14) 

= O (A~ 1+e °) , A 10. (5.15) 

Thus, we have obtained that 

r(A,e) = — ^--- , — -+o(A,e)-6(A,e), (5.16) 

v ; A + ^e (A + ^e)log(A + ^e) v 

where 

a(A,e) = [ £(a)- ^—— ^ f(s) ds, (5.17) 

Jr {s- X- te) 2 

6(A,e) = [ £(s) L_ /'(*)&. (5.18) 

Jr s - X - ie 

We shall multiply (|5.16p by g(X) and we shall integrate over A. First, we remark that 

a(A,e) g(X) dX = - [ £(*)/(*) ( f £- ( 1 ) g(X) dx) ds 

Jr \Jr 9X \X- s + iej J 

= I i(s)f(s) { f r 1 , . g'W dX) ds. (5.19) 

Jr \Jr X-s + ie J 
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Thus, 

r(X, e) g(X) dX = I -^- g(X) dX- I -— — -g— — - g(X) dX 
jRA + ze J R (A + ?e)log(A + «e) 



+ / £00/00 ( [ x 1 , ■ ff'(A) dX) ds 

Jr \Jr X-s + ie ) 

+ / £00/' 00 ( I i \- 9W dX] ds. (5.20) 

Jr \Jr X-s + ie J 

Taking the imaginary part in (|5.20p and using that 

lip i m L_ = n 6x=sj (5.21) 

40 A — s + le 

we obtain easily 

limlm / r(X,e) g(X) dX = vr / £00 (fg)'(s) ds. (5.22) 

40 Jr Jr 

Now, we remark that : 

£(s) (/(/)'(«) ds = / £(s) </00 ds = - / £'(*) </(*) tfe, (5.23) 



since £ G C°°(]0, +oo[). Then, we choose g(s) = s 1 ~ £ V(s) with ip G C§°(]0,1[), and 
using (|5.14|) . we have proved (|5.8|) . D 



Now, we are able to prove a Levinson's theorem for critical potentials. To do it, we 
recall that if v satisfies fll .5f) . one has the high energy asymptotics, ([25], Theorem 1.2) : 

e'(A) ~ J2 c j A?_i_1 » A -»• +°°- ( 5 - 24 ) 

This implies in particular that the condition (|2.9p is satisfied. We also need the following 
asymptotics which comes from the functional calculus on pseudodifferential operators 
(see [25], Theorem 1.1): Let x G £(K), with x = 1 hi a neighborhood of 0. We have : 

Tr [X(|) - X(f )] ~ £ ft ^ S_j , i? ^ +oo, (5.25) 

where the coefficients (3j are distributions on x an d is calculable, in principle, in terms 
of the symbols of P and Pq. 

The main result of this section is the following : 

Theorem 5.3. Assume po > max(6,n + 2). Then, we have : 

[-1 

/■OO l 2 J 

/ (^(A)-l>A^-i-i)rfA = -(JV_+Jo) + /9 n / 3 , ( 5 - 26 ) 

where /3 n / 2 depends only on n, v and V. If n is odd, f3 n / 2 = 0. 7/n is even, c n /2 = 0. 

Proof. Let x £ Co°(B^) such that x(A) = 1 in a neighborhood of 0. We use Theorem 12. II 
with /(A) = x(jj)- The proof is divided in two steps. 
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Case 1. The dimension n is odd. 

We first compute the second term on the left hand side of (I2.10p as follows : 

f-1 f-1 

JO JO -^ j=l 

f-1 f-1 

/OO \ L 2 J L 2 J 

*(4) ie'(A)-5> At " w ] dA + I> flt_i . 

3=1 3=1 

/•oo 

with d,- = cj / x(*) ^" 1_i dt. Using (|27T01) and ([5T25]) . one has 
Jo 

f-1 f-1 

X(p) K'( A )-E^' Af_1 "'] dA = -(AT- + J )+V(^-d i ) i?t-i +0 (i?- e ) (5.27) 

n r n 
where e = 1 h [— J > 0. 

Now, let us study the left hand side of (|5.27p . We have : 

f-1 

J ° R 3=1 

f-1 f-1 

/•l \ l 2< ,-00 \ l 2) 

= / X(£) r (A) - £ Cj A*" 1 -'] dA + / x(^) I?' (A) - E c i Af ~ l ~ j \ dX - 

J ° 3=1 - 71 3=1 

By Theorem 15.21 £'(A) is integrable on ]0, 1[, thus 



lim 

i?^+oo 



[-] [-] 

/ *(4) WW-J2cj At" 1 ^] dA = f\^(X)-J2c 3 Af- 1 ^] dA. (5.28) 
7o « i=1 Jo j=1 

In the same way, (|5.24|) implies 

[f] 
|£'(A)- j> At-W|<CA- V , (5.29) 

3=1 

with zy = 2 — § + [§]> 1. Therefore, 



— 1 s 

/■OO \ l 2< <>00 l 2< 

lim / x( „) K'(A) - J> A?- 1 ^] dA = / fc'(A) - £c, Af- 1 ^] 



It follows that 

_R->+oo 



lim / x(^) K'(A) - £ Cj At -^ dA = / [e'(A) - £ Cj A*" 1 -'] dA. (5.30) 

Taking R — > +00 in both sides of (|5.27|) . we deduce that j3j = dj. Thus, we get the 
Levinson's Theorem for odd dimension : 

roo L 2 ' 

/ (£'(A)-y> A[f]- 1 ^)dA = -(AA_ + J ). (5.31) 

^0 i=1 



dX 
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Case 2: The dimension n is even. 

First, let us study the case n = 2. Using Theorem 12,11 we have as previously : 

1 \ poo \ 

^ x (±)C(\)dx + j^ x (-)[£(x)-^]dx 

1 f+OO \ J\ 

-(AA_+J ) + /3 1 + O(-)- Ci y i X (-) T . (5.32) 

We take R — > +oo in (|5.32p . and remarking that 

°° ,A N dX , , 

x(^)y~logi?, (5.33) 

we deduce ci = and we have obtained the Levinson theorem in dimension n = 2 : 

r+oo 

/ e'(A) dX = -(AT. + J ) + A. (5.34) 

Now, assume n > 4. We write n = 2p with p >2. We define for 1 < j ' < p — 1, 

/•oo 

dj = Cj / x(i) t p -^ j dt. (5.35) 

Jo 

As for the case n = 2, we obtain easily : 

/>1 \ P~ 1 <>oo \ P 

•/o ^ i=1 A « i=1 

P_1 1 f°° A r/A 

-(JVL + ^ + ^O^-^/y-i + ^ + OC-J-q,^ X{^)-. (5-36) 

As previously, we take R — > +oo in (J5.36P and we deduce that fy = dj and c p = 0. 
Therefore, we get the Levinson's theorem for even dimension: 

/■oo p- 1 

/ (e'(A)-Vc, A^- 1 -i) ( iA = -(AA_ + J )+/3 p . (5.37) 

■/o j=1 

D 

Remark 5.4. Of course, the values of f3 p appearing in the Levison theorem are indepen- 
dent of the cutoff function x- We can use the functional calculus on pseudodifferential 
operators (^j\) with the Hamiltonians Po = —A + v(x) — V(x) and P = —A + v(x), to 
compute f5p. 

If f £ Cq°(M), we recall that f(tP) — f(tPo) is a ^-admissible operator, i.e 

f(tP) - f(tP ) = Pv - t (o/(t)) , (5.38) 

with 

a f (t) ~ ^a/j ti. (5.39) 

TTie symbols ajj are defined as 

2j-l 

<*/*(*.£) = £(-l)*d;,kfoO / (fc) (^ 2 ), (5.40) 

fc=i 
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where the dj^ are universal polynomial functions on £ which do not depend on f . For 
example, one has 

d2,i(x,0 = V(x), d 2>2 (x,O=0, d2 )3 (x,O = 0. (5.41) 

<k,i(x,£) = 0, d 4t2 (x,0 = 2v(x)V(x)-V\x), (5.42) 

cMx,0 = ^^W^^^ft/W^, (5.43) 

i %<j 

d 4 , k ( x ^) =° «/4</c<7. (5.44) 



WTien t -> 0, 



with 



Tr [f(tP) - f(tP )] ~ *~* V ft*, (5.45) 






4j— 1 

& = (2tt)-" V / / djy, fc (x,0 / W (e 2 ) ^ de- (5.46) 

fc=1 JR™ JR™ 

As a consequence, if we set, 

27T n / 2 

7n = y / (S"" 1 ) = ^!_ (5.47) 

T(n/2) 

where V is the well-known Gamma function, we can show : 
• In dimension n = 2 ; 

ft = 7TT2 ? / y ( x ) ^ ( 5 - 48 ) 

™) ^ 7R2 



In dimension n = 4 : 



ft = 77A4 T / (M^O*) " ^)) dx. (5.49) 

(27r) 4 2 J M 4 
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